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(3) For service: (i) Each server has a maximum wa~ting space capacity Ni for 
the server of the ith's channel (Ni t> 1); (ii) service time is exponentially distributed 
for each server, with mean service rate =/x~ for the ith server; (iii) the time for 
service of a given server is independent of all prior service history, occupation of 
all servers and the size of waiting space. 
(4) For the queue discipline: (i) Arrival to the system checks each queue-length 
in front of channel, and he seeks the channels with the minimum length of queues 
unoccupied fully. And he enter to the one with minimum number in the channels 
sought above. We will call this as semi-ordered iscipline. (ii) Arrivals are denied 
service if all waiting spaces are occupied. 
In this paper, the stationary solutions for these systems are obtained and these 
results are compared with those for ordered entry queues. The model described 
here has wide applications; for example, to production systems with closed-loop 
conveyors. 
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Modified Bessel functions are the key to solving the joint transient distribution 
of the M/M/1  queue and the first time it becomes idle. To solve the analogous 
problem for the N-node series Jackson network, the author was led to invent a new 
class of special functions that generalize modified Bessel functions. They are called 
lattice Besselfunctions since they are indexed by the N-dimensional integer lattice. 
A solution was obtained for the total busy period (every server is working) of a 
series Jackson network by analyzing the symmetry properties of these functions. 
We use the methods of images for the solution by showing that our state space is 
a fundamental domain of the lattice with respect o the group action induced by 
the lattice Bessel function symmetry group. Given a transient description of the 
series Jackson network before some server becomes idle, a natural follow-up issue 
is to solve for the joint distribution of the network precisely at the time that some 
queue empties. This was addressed in a subsequent paper (co-authored by Francois 
Baccelli of INRIA) using martingale techniques. Moreover, we can approximate 
these transient distributions by deriving their large time asymptotic expansions. This 
was achieved by computing the large time asymptotic expansions for lattice Bessel 
functions in a third paper, co-authored by Paul Wright of Berkeley. In a fourth 
paper co-authored by both F. Baccelli and P. Wright, we adapt these techniques to 
solving the analogous problem for a closed N-node cyclic network. Here we use 
an infinite symmetry group that decomposes into the semi-direct product of simpler 
groups. This allows us in turn to derive the spectral decomposition for the generator 
of this joint process. Finally, a fifth paper by the author applies these functions to 
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derive the transient behavior of a series queueing network that is related but not 
equal to the Jackson network. The symmetry methods used for solving its transient 
distribution permit a derivation of its non-product form steady state measure. 
The Transient Behavior in Erlang's Model for Large Trunk Groups and Various 
Traffic Conditions 
Debasis Mitra* and Alan Weiss, AT&T Bell Laboratories, Murray Hill, NJ, USA 
We consider the classic queueing problem in telephony: obtaining the probability 
that a customer who attempts to use a phone finds no circuit available. Specifically, 
we suppose that a group of N trunks (circuits)is empty at time t = 0, and thereafter, 
receives a Poisson (A) stream of calls, each call having an independent, exponentially 
distributed holding time with mean one (1). This is an M/M/N~ N queue. We let 
E(t; N, A) denote the probability of blocking; that is, E(t; N, A) is the probability 
that all N circuits are in use at time t. By scaling A with N so that A = IVy, we 
obtain asymptotic expressions for E (t; N, Ny) as N becomes large for three natural 
cases: y < 1 (light traffic), y = 1 (moderate traffic), and y > 1 (heavy traffic). 
We also obtain sample path results. For example, let ZN(t) denote the fraction 
of trunks in use at time t (0<~ ZN(t) <~ 1), and define Wr(t) = y(1 - e-')  + C(e' - 1), 
where C = 1 -  y (1 -e -T ) / (e r -1 ) .  Conditioned on ZN(T)= 1, we can show that, 
for any e > 0, 
lim P( sup IZN(t)--WT(t)I<EIzN(t)=I)=I. 
N~<x~ O<~t<~T 
(If y> 1 we need T<log  y / (y -1 )  for this result to hold.) 
The results are derived in two ways. Most of the asymptotic expansions come 
from the Laplace transform of E(t; N, A), which we expand using Laplace integral 
asymptotics and then invert. The sample path results are obtained from the theory 
of large deviations. 
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We study three queueing models where storage cells are occupied by incoming 
items and are released by departing ones. Under those conditions, storage tends to 
fragment. A free cell may have a lower address than an occupied one, in which 
case the former is said to be "wasted". The object of interest is the equilibrium 
distribution of the stochastic process [X(t),  Y(t)], where X(t) is the number of 
wasted cells and Y(t) is the number of items present, at time t. 
